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Abstract
We investigate the black string in the context of the string theories. It
is shown that the graviton is the only propagating mode in the (2+1)–
dimensional extremal black string background. Both the dilation and axion
turn out to be non-propagating modes.
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Recently there has been much progress in understanding the microscopic origin for the
black hole entropy. This was possible by using a new description of solitonic states in
string theory [1–6]. For the simplest five-dimensional extremal black hole, Strominger and
Vafa [1] counted the number of degeneracy corresponding to BPS-saturated states in the
string theory for given charge. And they showed that for large charge, the number of states
increases as eA/4, where A is the area of the horizon for extremal black hole. That is,
the statistical interpretation for the Bekenstein-Hawking entropy was made possible in five
dimensions. On the other hand, the five-dimensional black hole is just a six-dimesional black
string which winds around a compact internal circle [7]. The microstates of five-dimensional
extremal black hole arise from the fields moving around a circle in the internal dimensions. In
order to understand this situation, it is useful to take this internal direction as a space-time
direction explicitly. This is a black string solution in six dimensions.
As far as we know, full understanding of the black p-brane including the black string
(p = 1) was not completed, compared with the black holes. This is because the black p-brane
solutions are obtained in higher dimensions(D > 4) [8–10]. On the other hand, Horowitz and
Tseytlin [11,12] have done much work on finding traveling wave solutions of string theories
in various dimensions. They related a limit of their F -model to the extremal black string in
three dimensions.
The three-dimensional black string is used as a toy model for investigating higher di-
mensional black strings [13]. Unlike the higher dimensional cases, the exact conformal field
theory is known for two and three dimensions. Thus the particle contents can also be de-
termined. A simple extension of Witten’s construction for a gauged WZW model yields
the three-dimensional charged black string [14,15]. This solution is characterized by three
parameters: M (mass), Q (axion charge per unit length), and k (a constant related to the
asymptotic value of the derivative of the dilaton). For 0 < |Q| < M , the black string is
similar to the Reissner-Nordstro¨m black hole in four dimensions. In addition to the event
(outer) horizon (rEH = M), there exist an inner horizon (rIH = Q
2/M). When |Q| = M ,
this corresponds to the extremal black string. This is very similar to the five-dimensional
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extremal black string [8].
In this paper, we investigate the propagation of string fields in the (2 + 1)-dimensional
extremal black string background. We follow the standard scheme for studying the black
hole physics [16]. However there exists an apparent difference. For the black holes, the
conventional method of metric perturbation (hµν) is in such a way that the background
symmetry (g¯µν) should be restored at the perturbation level. For example, we take hµν =
hg¯µν in two-dimensional black hole [17]. In the study of Schwarzschild black hole, the
spherical (background) symmetry is also restored in the perturbation. As will be shown in
(14), hµν takes the different form compared with the conventional one. Writing them in
terms of v and u, g¯uv 6= 0, g¯uu = 0, whereas huv = 0, huu 6= 0. Here hµν is introduced only
for exploiting the null Killing symmetry to study the extremal black string [18,19]. Let us
start with the σ-model action of string theory [20,21]
Sσ =
−1
4πα′
∫
d2ξ
√
γ(γab∂aX
µ∂bX
ν g˜µν + ǫ
ab∂aX
µ∂bX
νBµν − 1
2
α′R(2)Φ), (1)
where R(2) is the Ricci curvature of the world sheet. As it stands, (1) is not conformally
invariant because conformal invariance is obviously broken by the dilaton (Φ). It can be
restored quantum mechanically by requiring that the β-function for g˜µν , Bµν , and Φ vanish.
To one loop, these equations are
R˜µν −∇µ∇νΦ− 1
4
HµρσH
ρσ
ν = 0, (2)
∇2Φ + (∇Φ)2 − 4
k
− 1
6
H2 = 0, (3)
∇µ(eΦHµνρ) = 0, (4)
where Hµνρ = 3∂[µBνρ] is the axion corresponding to Bνρ. The above equations are also
derived from the requirement that the fields must be an extremum of the low-energy string
action in the string frame [14,15,22]
S˜l−e =
∫
d3x
√
−g˜eΦ{R˜ + (∇Φ)2 + 4
k
− 1
12
H2}, (5)
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where the cosmological constant 4
k
arises from the fact that the central charge is not equal
to the space-time dimensions. Here we set α′ = 2 for simplicity. For the study of the black
string, it is very useful to take the conformal transformation as [19]
g˜µν ≡ Ω2gµν = e−2Φgµν . (6)
Then ond finds the new action in the Einstein frame
Sl−e =
∫
d3x
√−g{R− (∇Φ)2 + 4
k
e−2Φ − 1
12
e4ΦH2}. (7)
The new equations of motion are given by
Rµν −∇µΦ∇νΦ− 1
4
e4ΦHµρσH
ρσ
ν +
1
6
gµνe
4ΦH2 +
4
k
gµνe
−2Φ = 0, (8)
∇2Φ− 4
k
e−2Φ − 1
6
e4ΦH2 = 0, (9)
∇µ(e4ΦHµνρ) = 0. (10)
The static black string solution to the above equations is given by
H¯rtx =
Q
r2
, Φ¯ = ln r − 1
2
ln k, ,
g¯µν =


− r2
k
(1− M
r
) 0 0
0 r
2
k
(1− N
r
) 0
0 0 1
4
(1− M
r
)−1(1− N
r
)−1


, (11)
with N ≡ Q2/M . Note that Φ¯ is a dimensionless quantity since k has the dimension of
length square. The above solution is clearly invariant under the translations of both t and
x. For r →∞ and k →∞, the metric is asymptotically flat. Thus this represents a straight,
static black string which is an extended object with horizon. When Q = 0, H¯rtx vanishes
and this becomes a simple product of dx2 and two-dimensional Witten’s black hole. This
is called as a black string without charge and was discussed in [14,22]. From now on we
concentrate our study on the extremal limit of N → M(Q → M). In this limit, the line
element is given by
4
ds2 =
r2
k
(1− M
r
)(−dt2 + dx2) + 1
4
(1− M
r
)−2dr2. (12)
Notice that this metric is not only static and translationally invariant, but boost invariant.
This allows us to introduce two null-coordinates (v = x+ t, u = x− t) and null Killing vector
field ( ∂
∂v
). Using these, (12) can be rewritten as
ds2 =
r2
k
(1− M
r
)dudv +
1
4
(1− M
r
)−2dr2. (13)
For our purpose, we introduce the perturbation fields (H, φ, h) around the black string
background as [19,22]
Hruv = H¯ruv +Hruv = H¯ruv(1 +H),
Φ = Φ¯ + φ,
gµν ≡ g¯µν + hµν = g¯µν + hkµkν , (14)
where H¯ruv = −M/2r2 and kµ is the null killing vector which satisfies
kµkµ = 0, ∇(µkν) = 0, k[µ∇νkρ] = 0. (15)
Here we choose ku = guv and k
v = 1. For this metric perturbation, the harmonic gauge con-
dition (∇µhµν = 12∇νhµµ = 0) is trivially satisfied. This ansatz for the metric perturbation
is valid for the extremal black string in (12), but not for the black holes and nonextremal
black string in (11). Conventionally the counting of gravitational degrees of freedom (hµν)
is as follows. A symmetric traceless tensor has D(D+1)/2− 1 in D-dimensions. D of them
are eliminated by the harmonic gauge condition. Also D− 1 are eliminated by our freedom
to make further gauge transformations δhµν = ∂µξν + ∂νξµ with ∂µξ
µ = 0, ∂2ξµ = 0. Hence
the number of drgrees of freedom is D(D+1)/2− 1−D− (D− 1) = D(D− 3)/2. We have
no degrees of freedom in D = 3. But we have one graviton gauge degrees of freedom(h).
Thus it is clear that all gauge degrees of freedom of the graviton are not fixed in our ansatz
(14). From now on we follow the perturbation anaysis for the black holes. In order to obtain
the equations governing the perturbations, one has to linearize (8)-(10) as
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δRµν(h)− 2∇¯(µΦ¯∇¯ν)φ− e4Φ¯{H¯µρσH¯ ρσν φ+
1
2
(H¯µρσH ρσν − H¯µρσH¯ σνα hρα)}
+
1
6
e4Φ¯{H¯2hµν + g¯µν(4H¯2φ+ 2H¯αρσHαρσ − 3H¯κρσH¯αρσhκα)}
+
4
k
e−2Φ¯(hµν − 2g¯µνφ) = 0, (16)
− hµν∇¯µ∇¯νΦ¯− g¯µνδΓρµν(h)∂ρΦ¯ + ∇¯2φ
− 1
6
e4Φ¯(4H¯2φ+ 2H¯αρσHαρσ − 3H¯κρσH¯αρσhκα) + 8ke−2Φ¯φ = 0, (17)
∇¯µ{e4Φ¯(Hµνρ − H¯ νρα hαµ − H¯µ ρβ hβν − H¯µν γhγρ + 4H¯µνρφ)}
− 4e4Φ¯H¯ανρδΓµµα(h) = 0, (18)
where
δRµν(h) = −12(∇¯µ∇¯νhρ ρ + ∇¯ρ∇¯ρhµν − ∇¯ρ∇¯νhρµ − ∇¯ρ∇¯µhνρ), (19)
δΓρµν(h) =
1
2
g¯ρσ(∇¯νhµσ + ∇¯µhνσ − ∇¯σhµν). (20)
From (18) one can easily find
H = −4φ. (21)
This means that on shell Hruv is no longer an independent mode. The six equations from
(16) are
(v, v) : 0 = 0, (22)
(v, r) : ∂vφ = 0, (23)
(u, r) : (∂r +
2r−M
r(r−M)
)∂vh =
4k
r2(r−M)
∂uφ, (24)
(u, u) : ∂2rh+
2(3r−M)
r(r−M)
∂rh +
6r2−4rM
r2(r−M)2
h = 0, (25)
(u, v) : ∂2vh+
16(M2−r2)
r4
φ = 0, (26)
(r, r) : ∂rφ+
r+M
r(r−M)
φ = 0. (27)
From (17) we obtain the dilaton equation
6
∇¯2φ− 8(2M
2 − r2)
r4
φ = 0. (28)
Eq (22) is trivially satisfied. Choosing ∂vh = 0, one finds ∂uφ = 0. It turns out that the
only solution for the dilaton satisfying all eqs. (23), (24), (26), (27) and (28) is
φ = H = 0, (29)
which means that the dilaton and axion are the non-propagating modes in the black string
background. In order to solve (25), define h as h ≡ f(r)h′(r)U(u). Then for f(r) =
1/r(r −M), plugging this into (25) leads to
∂2rh
′ +
2
r −M∂rh
′ = 0. (30)
The corresponding solution is given by
h′(r) =
1
r −M . (31)
Now let us discuss our results. First of all, we compare our result with that of Garfinkle’s
case. From Refs. [18,19], the relevant equation for (8) is
Rv u −
1
4
e4ΦHv ρσH
ρσ
u = 0. (32)
Each term of the above equation is identically zero in the black string background. The
linearized equation leads to
g¯vu(δRuu +
1
2
e4Φ¯H¯uρσH¯
σ
uα h
ρα)− h(R¯vu − 1
4
e4Φ¯H¯vρσH¯
ρσ
u ) = 0. (33)
This is reduced to (30), which can be rewritten as ∇¯2h′ = 0 with ∂vh′ = 0. This is just the
Garfinkle’s case. Thus our solution is exactly the same as Garfinkle’s one. Authors in [18,19]
used the generating technique to produce the solution (31) which represents wave traveling
in the black string background. In our case all informations to determine the solution of
h′(r) come natually from the linearized equation (16). Thus our method is a standard one
to investigate the propagation of waves in the black string background.
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The next is how to determine the form of U(u). There is no additional constraint for
determining U(x, t) except ∂vU(x, t) = 0 within this scheme. However we assume the normal
mode solution of the form
U(x, t) = e−iEte−iχx. (34)
From ∂vU(x, t) = 0 one finds E = −χ. Then the form of U(x, t) is given by
U(u) = e−iEu. (35)
This is a plane wave along the v=constant. And this is called the longitudinal wave as it
carries only momentum E along the string direction (x-direction) [10]. Hence the graviton
mode (h = f(r)h′(r)U(u)) is the propagating wave in the black string background.
In conclusion, we find the solution which propagates in the three-dimensional extremal
black string background. This corresponds to the graviton mode (h). Both the dilaton (φ)
and axion (H) are non-propagating modes. This seems to be a controversial result, when
compared with the fact that in three dimensions the graviton and axion are not propagating
modes because of gauge invariance. Explicitly, we consider the conventional counting of
degrees of freedom. The number of degrees of freedom for the gravitational field (hµν)
in D-dimensions is (1/2)D(D − 3) . For D = 4 Schwarzschild black hole, we obtain two
degrees of freedom. These correspond to Regge-Wheeler mode for odd-parity perturbation
and Zerilli mode for even-parity perturbation [16]. We have −1 for D = 2. This means
that in two dimensions the contribution of graviton is equal and opposite to that of a
spinless particle (dilaton). In the 2d dilaton black hole, two graviton-dilaton modes are thus
trivial gauge artefacts [17]. For D = 3, we have no propagating graviton and the dilaton
is a propagating one. For example, it turned out that the dilaton and tachyon are two
propagating modes in the nonextremal black string [22]. Similarly it can be conjectured
that there is no propagating graviton in the BTZ black hole [23]. This is because this
black hole is equivalent (under T-duality) to the black string solution [14]. There does not
exist the null Killing symmetry even for the extremal BTZ black hole. It is emphasized
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that the conventional counting is suitable for the black holes and nonextremal black string.
However, our model is the extremal black string with the null Killing symmetry. In this case
the graviton is progagating, while the dilaton is nonpropagating. Note that the graviton
may become a propagating mode by the transmutation of the degrees of freedom with other
field (here, dilaton) in the extremal black string background. This is similiar to the Higgs
mechanism for gauge fields in the Minkowski spacetime. It seems that the conventional
counting for degrees of freedom is not valid for the extremal black string.
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